We show how analogues of a large number of well-known nonlinear-optics phenomena can be realized with one or more two-level atoms coupled to one or more resonator modes. Through higher-order processes, where virtual photons are created and annihilated, an effective deterministic coupling between two states of such a system can be created. In this way, analogues of three-wave mixing, four-wave mixing, higher-harmonic and -subharmonic generation (i.e., up-and downconversion), multiphoton absorption, parametric amplification, Raman and hyper-Raman scattering, the Kerr effect, and other nonlinear processes can be realized. The effective coupling becomes weaker the more intermediate transition steps are needed. However, given the recent experimental progress in ultrastrong light-matter coupling, especially in the field of circuit quantum electrodynamics, we estimate that many of these nonlinear-optics analogues can be realized with currently available technology.
I. INTRODUCTION
In nonlinear optics, a medium responds nonlinearly to incoming light of high intensity. This nonlinear response can give rise to a host of effects, including frequency conversion and amplification, many of which have important technological applications [1] [2] [3] [4] . After the high-intensity light of a laser made possible the first experimental demonstration of second-harmonic generation (frequency upconversion) in 1961 [5] , many more nonlinear-optics effects have been demonstrated using a variety of nonlinear media. The many applications and the fundamental nature of nonlinear optics have also inspired investigations of analogous effects in other types of waves. Prominent examples include nonlinear acoustics [6, 7] , nonlinear spin waves [8] , nonlinear atom optics [9, 10] , nonlinear Josephson plasma waves [11] , and nonlinear plasmonics [12] . Analogies of this kind can sometimes enable simulations or demonstrations of phenomena that are hard to realize in other systems [13] [14] [15] .
In this article, we will show that analogues of many nonlinear-optics effects can also be realized by coupling one or more resonator modes to one or more two-level atoms. This stands in contrast to many other nonlinearoptics realizations, which require three or more atomic levels [4, 16] . The key to the analogues we propose lies in the full interaction between a two-level atom and an electromagnetic mode, which is given by the quantum Rabi Hamiltonian [17] . This Hamiltonian includes terms that can change the number of excitations in the system, enabling higher-order processes via virtual photons. These photons are created and annihilated in a way that creates a deterministic coupling between two system states that otherwise do not have a direct coupling. In this way, * e-mail:anton.frisk.kockum@gmail.com we can realize analogues of various frequency-conversion processes, parametric amplification, Raman and hyperRaman scattering, multiphoton absorption, the Kerr effect, and other nonlinear processes.
Just as nonlinear-optics effects usually require very high light intensity to manifest clearly, the higher-order processes we consider require a very strong light-matter coupling to become noticeable. Ultrastrong coupling (USC, where the coupling strength starts to become comparable to the resonance frequencies of the bare system components) between light and matter has only recently been reached in some solid-state experiments [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . Among these systems, circuit quantum electrodynamics (QED) [16, [36] [37] [38] has provided some of the clearest examples [19, 20, [29] [30] [31] [32] [33] [34] [35] , including the largest reported coupling strength [31] and the first quantum simulations of the USC regime [33, 34] .
The experimental progress in USC physics has motivated many theoretical studies of the interesting new effects that occur in this regime [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . Some previous [51] [52] [53] and forthcoming [54, 55] works explore processes in the USC regime where the number of excitations is not conserved, such as multiphoton Rabi oscillations [52] and a single photon exciting multiple atoms [53] . Several of these processes can be interpreted as analogues of nonlinear-optics phenomena.
In this work, we present a unified picture of this type of processes and their relation to nonlinear optics. We also provide many more examples, not previously studied, which together allow us to make complete tables with translations between three-and four-wave mixing in nonlinear optics and analogous processes in USC systems. It should be noted that these analogues, many of which can be realized in one universal setup, do not use propagating waves, but instead mix excitations in resonators and atoms of different frequencies. Given the versatility and technological maturity of the circuit QED setups, we expect them to become the primary experimen-tal platform for realising these deterministic nonlinearoptics analogues with single atoms and virtual photons. We believe that these deterministic analogues can find many important applications, including frequency conversion and the creation of superposition states for use in quantum information technology.
This article is organized as follows. In Sec. II, we give a brief overview of how nonlinear processes in optics usually occur. We then describe how analogous deterministic processes become possible in the quantum Rabi model. In Secs. III and IV, we discuss three-and four-wave mixing, respectively, and give details of the analogous deterministic processes that can be realized with resonators ultrastrongly coupled to qubits. Other nonlinear processes, including higher-harmonic generation, parametric processes, and the Kerr effect, are discussed in Sec. V. We conclude in Sec. VI. Some details are left for the appendices: Appendix A expands on the classical mechanisms for some nonlinear-optics phenomena, Appendix B gives a derivation of the perturbation-theory formula used to calculate the strength of the effective coupling between initial and final states in our three-and four-wave-mixing analogues, and Appendix C contains details about a few four-wave-mixing processes not treated in the main text.
II. MECHANISMS FOR NONLINEARITY A. Nonlinear optics
In conventional classical electro-optical processes, the polarization P of a given medium induced by the applied electric field E is linearly proportional to its strength, i.e., P = ǫ 0 χE, where ǫ 0 is the vacuum permittivity and χ ≡ χ (1) is the linear susceptibility of the medium, which can be considered a scalar for linear, homogeneous, and isotropic dielectric media. Usually, the real and imaginary parts of χ describe, respectively, the refraction and damping of a light beam going through such medium.
For a strong electric field E and nonlinear media, the above linear relation for the induced polarization is generalized to
which is considered a core principle of nonlinear optics [1] [2] [3] [4] . In Eq. (1), χ (2) and χ (3) are the second-and thirdorder nonlinear susceptibilities, respectively. In general, these susceptibilities are tensors χ (1) kl , χ (2) klm , and χ (3) klmn . However, for simplicity, we consider them as scalars, which is usually valid for isotropic dielectric media.
Various nonlinear optical phenomena (including wave mixing) can be explained classically by recalling the nonlinear dependence of the induced polarization and electric-field strength, as given by Eq. (1) . Standard examples include Pockels and Kerr effects, which are, respectively, linear and quadratic electro-optical phenomena, in which the induced polarization (and, thus, also the refractive index) of a medium is proportional to the amplitude and its square of the applied constant electric field.
For example, second-harmonic generation in a medium described by the second-order susceptibility χ (2) can be described classically as follows. Assuming that a monochromatic scalar electric field E(t) = E 0 cos(ωt) is applied to the medium, the second-order induced polarization P (2) of the medium is given by
where the first term in the last line describes frequencyindependent polarization, while the second term in the last line describes the polarization oscillating at twice the frequency of the input field. This doubling of the input frequency can be interpreted as second-harmonic generation.
In Appendix A, we present a few additional pedagogical classical explanations, based on Eq. (1), of phenomena arising due to the χ (2) and χ (3) nonlinearities.
B. The quantum Rabi model
The Hamiltonian for a single two-level atom (a qubit) coupled to a single resonator mode can be written as ( = 1 here and in the rest of the article)
In the quantum Rabi model [17] , the interaction is given byĤ
where g is the coupling strength. Here, and in the following parts of the paper that discuss deterministic realisations of nonlinear optics, we use the notation thatâ,b,ĉ, andd are the annihilation operators of resonator modes with frequencies ω a , ω b , ω c , and ω d , respectively. In setups with a single qubit, or with several identical qubits, the qubit transition frequency is denoted ω q . In setups with qubits having different transition frequencies, the frequencies are denoted ω q1 , ω q2 , etc. The qubit operatorsσ z andσ x =σ − +σ + are Pauli matrices;σ − andσ + are the qubit lowering and raising operators, respectively. In the limit g ≪ ω a , ω q , the termsâ †σ
can be neglected in the rotating-wave approximation (RWA), leading to the Jaynes-Cummings (JC) model [56] 
Note that in the JC model, the number of excitations is conserved. In the quantum Rabi model, the number of excitations can change, but their parity is conserved. However, the quantum Rabi model can be generalized tô
where θ parameterizes the amount of longitudinal and transversal couplings as, for example, in experiments with USC of flux qubits to resonators [19, 20, 29, 31] . This generalized quantum Rabi model does not impose any restrictions on the number of excitations. All these models can be straightforwardly extended to include additional resonators and qubits. The presence of one or more qubits provides the necessary nonlinearity to realize various deterministic analogues of nonlinearoptics processes that we will discuss in this article. For some of these processes, such as three-wave mixing (see Sec. III), the number of excitations changes by one; this requires setups with the generalized quantum Rabi model and its extensions. For other processes, e.g., four-wave mixing (see Sec. IV), the number of excitations changes by an even number or not at all; these processes can be realized with extensions of the standard quantum Rabi model or of the JC model, respectively.
In a majority of the nonlinear-optics analogues considered in this article, higher-order processes, mediated by the interaction Hamiltonians in Eqs. (4)-(6) (and their extensions to additional resonators and qubits), connect an initial state |i with a final state |f of the same energy through an effective interaction Hamiltonian
where g eff is the strength of the effective coupling and H.c. denotes the Hermitian conjugate of the preceding terms. In many of the intermediate transitions that contribute to this effective coupling, virtual photons are created and destroyed. We provide a multitude of examples of this in the following sections. To calculate the effective coupling strength g eff analytically, three different techniques have been employed in previous works. In Ref. [57] , an effective Hamiltonian with explicit up-and downconversion terms was derived through a series of unitary transformations combined with approximations that only retained terms of lowest order in g j / |ω n − ω m |, where g j are the relevant coupling strengths in the setup and |ω n − ω m | are the energy differences of the relevant intermediate transitions.
In Refs. [51, 52, 54] , the intermediate virtual transitions were adiabatically eliminated, relying on the approximation that the population of the intermediate levels will not change significantly if g j ≪ |ω n − ω m |. In this article, we follow the approach of Ref. [53] , which calculated g eff using standard perturbation theory. Specifically, if the shortest path between |i and |f is an nth-order process, the effective coupling is given to lowest order by
where the sum goes over all virtual transitions forming n-step paths between |i and |f , E k denotes the energy of state |k , and V km = k|Ĥ int |m . A derivation of this formula is given in Appendix B.
In general, the perturbation-theory method of Eq. (8) appears to be the simplest way to calculate g eff , especially for higher-order processes involving many virtual transitions. The other methods mentioned above can be more cumbersome, but provide more information such as energy-level shifts and higher-order corrections to the effective coupling.
III. THREE-WAVE MIXING
In this section, we look at three-wave mixing, starting with a general description of sum-and differencefrequency generation and then treating special cases such as upconversion, downconversion, and Raman scattering; see Fig. 1 for an overview. We provide deterministic analogues based on the generalized quantum Rabi model for each case.
A. General description: Generation of sum-and difference-frequency fields
Nonlinear optics
The creation and annihilation of a photon with sum frequency ω + can be described in the Fock representation as |n 1 , n 2 , n + → |n 1 − 1, n 2 − 1, n + + 1 , and |n 1 , n 2 , n + → |n 1 + 1, n 2 + 1, n + − 1 , respectively; see also Fig. 1(a) . The interaction HamiltonianĤ (+) int for this sum-frequency generation can be given bŷ
in terms of the annihilation (â j ) and creation (â † j ) operators for the input modes (for j = 1, 2) and the output sum-frequency mode (for j = +), and the three-mode complex coupling constant g.
Analogously, the creation and annihilation of a photon with difference frequency ω − can be described in the Fock representation as |n 1 , n 2 , n − → |n 1 − 1, n 2 + 1, n − + 1 and |n 1 , n 2 , n − → |n 1 + 1, n 2 − 1, n − − 1 ; see also Fig. 1(a) . The interaction HamiltonianĤ (−) int describing this process can be given bŷ
using the same notation as in Eq. (9) except that the subscript '+', corresponding to the sum-frequency mode, is replaced by '−' for the difference-frequency mode. The energy conservation principle implies that ω + = ω 1 + ω 2 and ω − = ω 1 − ω 2 , and the momentum conservation principle implies that k + = k 1 +k 2 and k − = k 1 −k 2 for the wave vectors k j .
(a) General three-wave mixing 
Analogous processes
There are several possible setups that can realize analogues of sum-and difference-frequency generation deterministically. One such setup would be three resonators coupled to a single qubit using the generalized Rabi interaction in Eq. (6) . If the resonator frequencies satisfy ω a + ω b ≈ ω c , the two states |1, 1, 0, g and |0, 0, 1, g become resonant. Here, and in all the following discussions of deterministic processes, kets list photon excitation numbers, starting from the resonator with frequency ω a , followed by qubit state(s) (g for ground state, e for excited state). The transition |1, 1, 0, g → |0, 0, 1, g then corresponds to sum-frequency generation [a = 1, b = 2, c = + makes the connection explicit with Sec. III A 1 and Fig. 1 Note that the last transition changes the number of excitations in the system by one, which is only possible when the interaction is given by the generalized quantum Rabi Hamiltonian of Eq. (6) . The last transition is also an example of how a virtual photon is annihilated in the process. For the transition in the opposite direction (difference-frequency generation), a virtual photon is created instead.
By adiabatic elimination, or suitable unitary transformations combined with perturbation expansion in g over some frequency, it can be shown that these virtual transitions combine to give an effective interaction Hamiltonian
where the effective coupling g eff , in general, becomes weaker the more intermediate steps are needed. Later in this section, we will provide examples with detailed diagrams of the virtual transitions and calculations of the effective coupling. We note that, if at least one of the excitations in the three-wave mixing can be hosted in a qubit, other setups become possible. Both a single resonator coupled to two qubits and two resonators coupled to a single qubit could be used to implement the processes in Fig. 1(a) . In particular, Ref. [53] analyzed the former case with ω a ≈ ω q1 + ω q2 , showing an effective coupling between |1, g, g and |0, e, e . In the latter case, the effective coupling of interest would be that between the states |1, 1, g and |0, 0, e when ω a + ω b ≈ ω q .
B. Degenerate three-wave mixing: Second-harmonic and second-subharmonic generation
Nonlinear optics
Let us assume the degenerate process of three-wave mixing for whichâ 1 =â 2 ≡â and ω 1 = ω 2 ≡ ω. The energy conservation principle implies ω + = 2ω. The processes of the creation and annihilation of photons can be written as |n, n + → |n − 2, n + + 1 and |n, n + → |n + 2, n + − 1 ; see also Fig. 1(b) . The interaction Hamiltonian reads aŝ
For second-harmonic generation (also referred to as upconversion), one can assume that the initial pure state is |ψ(t 0 ) = ∞ n=0 c n |n, 0 . For second-subharmonic generation (also called downconversion), one can assume that the initial pure state is |ψ(t 0 ) = ∞ n+=0 c n+ |0, n + . Here, c n and c n+ denote arbitrary complex superposition amplitudes satisfying the normalization conditions. It is seen that our description of second-subharmonic generation can be the same as that for second-harmonic generation except with a different initial state.
Analogous processes
a. Two resonators There are, again, several possible setups to realize analogues of up-and downconversion deterministically. In Ref. [57] , it was shown that an effective Hamiltonian like that of Eq. (12) can be achieved with two resonator modes coupled to a qubit with the interaction given by Eq. (6). However, in that work some additional assumptions were made, since ultrastrong coupling had not yet been experimentally demonstrated at the time. With strong enough coupling, the virtual transitions shown in the upper left panel of Fig. 2 combine to achieve a robust effective coupling between the states |1, 0, g and |0, 2, g , which results in both up-and downconversion. Note how virtual photons and qubit excitations are created or annihilated in all transitions marked with dashed arrows.
To be precise, the full Hamiltonian of the system is here given bŷ
and the effective interaction due to the virtual transitions shown in Fig. 2 becomeŝ
The effective coupling g eff can be calculated with thirdorder perturbation theory. From Eq. (8), we have
Looking at the upper left panel of Fig. 2 , we see that there are 12 paths contributing to the effective coupling between |i = |0, 2, g and |f = |1, 0, g . Three of these paths consist solely ofσ z -mediated transitions (dashed red arrows in the figure). Their contribution is
where we introduced the notation ∆ nm = ω n − ω m . This contribution sums to zero on resonance (ω a = 2ω b ). The contribution from the remaining 9 paths is (introducing the notation
which on resonance reduces to
Since the transition paths in the upper left panel of Fig. 2 go via two intermediate levels, g eff becomes on the order of (g j /ω) 2 weaker than g j (j = a, b). This expression is slightly more complicated than that derived in Ref. [57] , where unitary transformations were combined with perturbation expansions using the additional simplifying as-
A further demonstration of the effective coupling in Eq. (15) is given in Fig. 3 , where we plot some of the energy levels in the system as a function of ω a for the JC (dashed-dotted lines), Rabi (dashed lines), and generalized Rabi (solid lines) interactions. The inset shows a clear avoided crossing between |1, 0, g and |0, 2, g ; the splitting is set by g eff . The JC and Rabi interactions do not give rise to such an avoided crossing since they cannot change the excitation number by one. However, all three interactions give rise to an avoided crossing between |1, 0, g and |0, 0, e to the left in the figure, since those two states have the same number of excitations.
b. Multiphoton Rabi oscillations An alternative implementation of up-and downconversion is multiphoton Rabi oscillations, illustrated in the upper middle panel of Fig. 2 and discussed in Ref. [52] . In this case, virtual transitions induce an effective coupling (and, thus, Rabi oscillations) between the states |0, e and |2, g for a single resonator coupled to a single qubit with ω q ≈ 2ω a . The transitions are mediated by the generalized Rabi Hamiltonian Eq. (6) and give rise to an effective interaction
The effective coupling is easily calculated with secondorder perturbation theory. With |i = |2, g and |f = |0, e , Eq. (8) gives
Using that on resonance ω a = ω q /2, this reduces to which was also derived in Ref. [52] using adiabatic elimination. We note that the effective coupling acquires a factor g/ω q due to the fact that each path between |i and |f contains one intermediate level.
c. Two identical qubits Yet another option, illustrated in the upper right panel of Fig. 2 and discussed in Ref. [53] , is to couple a single resonator to two identical qubits such that the process |1, g, g ↔ |0, e, e is realized. The Hamiltonian for this setup iŝ
z sin θ . (24) and the effective interaction becomeŝ
The third-order-perturbation-theory calculations for this process following Eq. (8) were already performed in the appendix of Ref. [53] . Here, we merely restate their result
which is valid on resonance, when ω a = 2ω q . Again, we see that the effective coupling has a factor (g/ω) 2 , since each path contributing to the coupling contains two intermediate states.
In conclusion, we note that the multiphoton Rabi oscillation only requires two intermediate transitions, while the other two proposals require three. This means that the multiphoton Rabi oscillation has a larger effective coupling than the other two setups and is easier to implement.
C. Raman scattering
Nonlinear optics
In nonlinear optics, Raman scattering is a special case of nondegenerate three-wave mixing, mixing photons and optical phonons of the scattering nonlinear medium. Usually Raman scattering refers to the scattering of a light beam on optical phonons, which results in changing the frequency of the light beam [58] . We note that analogous scattering of photons on acoustic phonons is referred to as Brillouin scattering.
We consider the following fields: a driving laser (L) mode of frequency ω L , a Stokes (S) mode of frequency ω S , an anti-Stokes (A) mode of frequency ω A , and optical vibrational phonon (V ) modes of frequencies ω V j (j = 1, 2, . . . ) as described by the corresponding creation (â † k ) and annihilation (â k ) operators for k = L, A, S, V j.
a. Stokes Raman scattering Raman scattering with Stokes frequency ω S < ω L is shortly referred to as Stokes (Raman) scattering. The process is illustrated in Fig. 1(c) and the interaction Hamiltonian can be written asĤ
or its simpler single-phonon version
b. Anti-Stokes Raman scattering (sideband cooling) One can also analyze the Raman scattering with antiStokes frequency ω A > ω L , referred to as anti-Stokes (Raman) scattering and illustrated in Fig. 1(c) . The interaction Hamiltonian for the anti-Stokes Raman scattering can be written aŝ
Since a phonon is absorbed in this process, it can also be referred to as sideband cooling of the phononic mode. c. Stimulated Raman scattering The presence of additional photons in the S or A modes, as shown in Fig. 1(d) , can increase the rate of Raman scattering. This is called stimulated Raman scattering. To further distinguish the processes in Fig. 1(c) from those in Fig. 1(d) , the former can be referred to as spontaneous Raman scattering.
Analogous processes
We can achieve close analogues of Raman scattering in our deterministic setups by letting a qubit play the role of a phonon. The qubit is coupled to two resonators, one representing the laser mode and the other representing the Stokes or anti-Stokes mode. The Hamiltonian of the system is given by Eqs. (13) and (14) .
a. Stokes Raman scattering Setting ω a = ω b + ω q , and making the connections a = L, b = S, and q = V , the transition |1, 0, g → |0, 1, e emulates Stokes Raman scattering. The virtual transitions involved are shown in Fig. 4 . This process is further discussed in the forthcoming work of Ref. [54] as means to achieve single-photon frequency conversion controlled by the qubit. The effective interaction due to the virtual transitions when
Second-order perturbation theory using Eq. (8) and Fig. 4 gives
which reduces to
on resonance (ω q = ω a − ω b ). This agrees with the result obtained using adiabatic elimination in Ref. [54] . We also note that it has been shown that a photon scattering off a qubit ultrastrongly coupled to an open transmission line can be downconverted in frequency, leaving some of its energy with the qubit [47] . However, this downconversion process is not deterministic.
b. Anti-Stokes Raman scattering The same setup as for Stokes Raman scattering, but considering the reverse transition |0, 1, e → |1, 0, g , implements anti-Stokes Raman scattering. In this case, we need to make the identifications a = A, b = L, and q = V .
c. Stimulated Raman scattering We can again consider the same setup, but instead look at the transitions |1, n, g → |0, n + 1, e and |n, 1, e → |n + 1, 0, g to obtain stimulated Stokes Raman scattering and stimulated anti-Stokes Raman scattering, respectively. In calculating the effective coupling g eff between the initial and final states, as done above and in Ref. [54] for the case n = 0, we will, for each possible path between them, multiply the corresponding transition matrix elements. As can be seen from Fig. 4 , each path contains exactly one transition that changes the number of excitations in one of the modes from n to n + 1. This contributes a factor √ n + 1 to the effective coupling, showing that the presence of the additional photons stimulates the transition.
IV. FOUR-WAVE MIXING
In this section, we treat four-wave mixing, starting as in Sec. III with a general description and then treating special cases, such as degenerate four-wave mixing and hyper-Raman scattering. An overview of these processes is given in Fig. 5 . We again provide deterministic analogues for each case. Since there are many similarities to the material presented in Sec. III, the treatment here will be a little more concise. However, compared to Sec. III there are more processes to cover and longer paths of virtual transitions to consider in calculating the effective coupling for those processes.
A. General description
Nonlinear optics
Four-wave mixing comes in three types, as illustrated in Fig. 5(a) . Type I, with the interaction Hamiltonian
has two incoming and two outgoing signals. Processes with three incoming signals and one outgoing are here called type II, and processes with one incoming signal and three outgoing ones are here referred to as type III. The interaction Hamiltonian for both types II and III can be written asĤ
(a) General four-wave mixing 
Analogous processes
There are, just as for three-wave mixing, several possible setups that allow deterministic analogues of the fourwave mixing processes. The clearest analogy is probably four resonators all coupled to a single qubit. Adjusting the resonator frequencies to satisfy the condition ω a + ω b ≈ ω c + ω d , the states |1, 1, 0, 0, g and |0, 0, 1, 1, g become resonant and the transitions between these states will constitute type-I four-wave mixing. Similarly, if ω a + ω b + ω c ≈ ω d , the transition |1, 1, 1, 0, g → |0, 1, 1, 1, g corresponds to type-II mixing and the reverse process |0, 1, 1, 1, g → |1, 0, 0, 0, g will be type-III mixing.
If at least one of the excitations in the four-wave mixing can be hosted in a qubit, additional setups are possible. With three resonators coupled to a single qubit, |1, 1, 0, g ↔ |0, 0, 1, e corresponds to type-I mixing and the processes |1, 1, 1, g ↔ |0, 0, 0, e corresponds to type-II (→) and type-III (←) mixing, respectively. In the same way, with two resonators coupled to two qubits, |1, 1, g, g ↔ |0, 0, e, e are analogues of type-I mixing and the processes |0, 1, e, e ↔ |1, 0, g, g are some possible analogues for type-II (→) and type-III (←) mixing, respectively. Finally, with a single resonator coupled to three qubits, |1, e, g, g ↔ |0, g, e, e corresponds to type-I mixing and the processes |0, e, e, e ↔ |1, g, g, g corresponds to type-II (→) and type-III (←) mixing, respectively. Hosting at least one excitation in a qubit may be preferable, since such setups, in general, will require one less intermediate virtual transition than the setup with four resonators and a qubit. Barring destructive interference between the various virtual transition paths, this implies that the effective coupling will be weaker in the latter setup.
All these processes can occur due to intermediate virtual transitions as before. However, in contrast to threewave mixing, the four-wave mixing analogues do not require the generalized Rabi interaction Hamiltonian from Eq. (6). The standard quantum Rabi model in Eq. (4) is sufficient, since the parity of the number of excitation is conserved in four-wave mixing. In fact, for type-I processes, which do not change the number of excitations, the interaction terms from the JC model in Eq. (5) are sufficient to mediate the required virtual transitions. However, terms from the full quantum Rabi model can still give a significant contribution to the effective coupling between the initial and final states of such processes.
B. Degenerate four-wave mixing: Third-harmonic and third-subharmonic generation
In this subsection, we limit our analysis to the cases where three of the signals involved are degenerate. The cases with two degenerate signals are reviewed briefly in Appendix C.
Nonlinear optics
Let us analyze a degenerate case of four-wave mixing assumingâ 1 =â 2 =â 3 ≡â,â 4 ≡â + , and ω + = 3ω. The creation and annihilation of a photon in the Fock basis can be given as |n, n + → |n − 3, n + + 1 for third-harmonic generation (upconversion) and |n, n + → |n + 3, n + − 1 for third-subharmonic generation (downconversion); see also Fig. 5(b) . The interaction Hamiltonian for both processes reads aŝ
The initial pure state for third-subharmonic generation is usually chosen as |ψ(t 0
Analogous processes
Also in this case, there are various possible deterministic setups, extensions of those discussed in Sec. III B 2. The three most straightforward setups are illustrated in Fig. 6 . We note from the figure that although these setups in general require one more intermediate step than in the three-wave-mixing case, the calculations of the effective coupling are simplified by the fact that we only need to use transitions mediated by the quantum Rabi Hamiltonian (blue arrows in the figure), and not theσ z terms of the generalized Rabi Hamiltonian (red arrows in Fig. 2) , since the excitation-number parity is conserved.
a. Two resonators The first analogue, shown in the upper left panel of Fig. 6 , utilizes two resonators, with frequencies ω a ≈ 3ω b , coupled to a single qubit such that virtual intermediate transitions enable the process |1, 0, g ↔ |0, 3, g , which realizes both up-and downconversion. The full Hamiltonian for this system is given by Eq. (13) and
We can derive, in the same way as before, an effective HamiltonianĤ
The effective coupling requires fourth-order perturbation theory to calculate. Summing the four contributing paths using Eq. (8) with |i = |0, 3, g and |f = |1, 0, g gives
Applying the resonance condition ω a = 3ω b simplifies this result to
which scales as (g j /ω) 3 , j = a, b, as expected for a fourthorder process.
b. Multiphoton Rabi oscillations The second option, shown in the upper middle panel of Fig. 6 , is multiphoton Rabi oscillations between the states |0, e and |3, g with a single resonator coupled to a single qubit (ω q ≈ 3ω a ), a process studied in Refs. [51, 52] . The Hamiltonian for the system is given by Eqs. (3) and (4) .
The effective interaction Hamiltonian for this process isĤ eff int = g eff |0, e 3, g| + H.c.
The effective coupling for three-photon Rabi oscillations follows immediately from third-order perturbation theory as there is only a single path contributing. With |i = |3, g and |f = |0, e , Eq. (8) gives
where we used the resonance condition ω q = ω a /3 in the last step. This result was also derived in Ref.
[51] using adiabatic elimination. c. Three identical qubits A third possibility, shown in the upper right panel of Fig. 6 , is coupling a single resonator to three identical qubits (ω a = 3ω q ), such that the process |1, g, g, g ↔ |0, e, e, e is implemented, as discussed in Ref. [53] . In this case, the Hamiltonian for the system isĤ
and the effective interaction Hamiltonian of interest iŝ
The effective coupling can be calculated with fourthorder perturbation theory. Following Eq. (8), adding up the contributions from the two paths with |i = |0, e, e, e and |f = |1, g, g, g , leads to
which goes to zero on resonance (ω a = 3ω q ); the two paths interfere destructively then. However, as shown numerically in the appendix of Ref. [53] , a coupling between the states |1, g, g, g and |0, e, e, e nevertheless exists close to that resonance. This is partly due to the fact that the energy levels are shifted from their bare-state values to the dressed states induced by the ultrastrong interaction and partly due to the influence of higher-order processes.
Comparing the three analogues given here, we note that the multiphoton Rabi oscillations and the single photon exciting three qubits both require one less intermediate step than the setup with two resonators and one qubit. However, in the three-qubit case this does not necessarily translate into a stronger effective coupling due to destructive interference between the virtual transitions. The possibility of such destructive interference diminishing the effective coupling needs to be kept in mind when designing analogues of nonlinear optics in these setups. We will see one more example of this phenomenon below.
C. Hyper-Raman scattering, type I: Two-photon processes
Nonlinear optics
Hyper-Raman scattering is a generalization of Raman scattering (see Sec. III C) to include either multiple incoming photons or multiple phonons. Here, we first analyze hyper-Raman scattering based on two-photon processes (we refer to this as type I hyper-Raman scattering), as described by the following Hamiltonians for Stokes frequency,Ĥ
and anti-Stokes frequency (which could also be called sideband hypercooling of type I),
These processes are sketched in Fig. 5(c) . We note that here ω S > ω L , contrary to the standard Raman scatter-ing case. For simplicity, we have omitted multiphonon versions analogous to Eq. (27).
Analogous processes
Just as in Sec. III C 2, we consider setups where qubit excitations play the role of phonons in the deterministic analogues of hyper-Raman scattering. For the type I process, two resonators (one corresponding to the L mode, one corresponding to the S or A mode) are coupled to a single qubit. This setup is studied further in our forthcoming work Ref. [54] as a means to implement deterministic up-and downconversions controlled by a qubit.
a. Stokes Hyper-Raman scattering, type I Setting ω a + ω q ≈ 2ω b and making the connections a = S, b = L, and q = V , we see that the process |0, 2, g → |1, 0, e corresponds to Stokes hyper-Raman scattering of type I. In the upper panel of Fig. 7 , we show the virtual transitions contributing to this process. From the full system Hamiltonian, given by Eqs. (13) and (37) just as for the three-photon frequency conversion in Sec. IV B 2 a, we can derive the effective Hamiltonian
Third-order perturbation theory following Eq. (8) gives
where we used the resonance condition ω q = 2ω b − ω a in the last step. We note that one of the paths contributing to the coupling [the second term in Eq. (50)] only requires interactions given by the JC version of the interaction Hamiltonian,Ĥ int = g a âσ + +â †σ
Omitting the other terms from Eq. (50) and setting ω q = 2ω b − ω a , the result is
These effective couplings are also calculated in Ref. [54] using adiabatic elimination. In that case, the results are a little more complicated since some higher-order contributions are included, but to lowest order the results coincide with those given here. b. Anti-Stokes Hyper-Raman scattering, type I If we instead set ω a ≈ 2ω b + ω q in the same setup as for Stokes hyper-Raman scattering of type I (and make the connections a = A, b = L, and q = V ), the transition |0, 2, e → |1, 0, g corresponds to anti-Stokes hyperRaman scattering of type I. The effective interaction Hamiltonian becomeŝ
The virtual transitions contributing to the process |0, 2, e → |1, 0, g are shown in Fig. 8 . Third-order perturbation theory following Eq. (8) gives where we used the resonance condition ω q = ω a − 2ω b in the last step. We note that the expression is the same as the one obtained for type-I Stokes hyper-Raman scattering in Eq. (50), despite the resonance condition being different.
This effective coupling is also calculated in Ref. [54] using adiabatic elimination. Again, in that case, the result is a little more complicated since some higher-order contributions are included, but to lowest order it coincides with Eq. (54).
D. Hyper-Raman scattering, type II: Two-phonon processes
Nonlinear optics
Hyper-Raman scattering can also be based on twophonon processes (we refer to this as type II hyperRaman scattering), as described by the following interaction Hamiltonians with Stokes frequency,
and with anti-Stokes frequency (which could also be called sideband hypercooling of type II),
These processes are sketched in Fig. 5(d) .
Analogous processes
The closest analogue here is a setup with two resonators both coupled to two identical qubits. The full system Hamiltonian is given bŷ
If the frequencies satisfy the resonance condition ω a ≈ ω b + 2ω q , the process |1, 0, g, g → |0, 1, e, e , whose virtual transitions are shown in Fig. 9 , corresponds to Stokes hyper-Raman scattering of type II, given that we make the connections a = L, b = S, and q = V . The reverse process corresponds to anti-Stokes hyper-Raman scattering of type II, if we instead identify a = A and b = L. The virtual transitions give rise to the effective HamiltonianĤ
which describes both processes. Adding up the two paths in Fig. 9 using second-order perturbation theory following Eq. (8), we obtain
which goes to zero on resonance (ω a = ω b + 2ω q ). However, a finite coupling should result from the fact that bare energy levels are shifted to dressed ones and higherorder processes can contribute, analogous to the situation for the single photon exciting three qubits discussed in Sec. IV B 2 c. 
V. OTHER NONLINEAR PROCESSES
While three-and four-wave mixing have been the main focus of this article, there are several other nonlinearoptics processes for which analogues can be found. In this section, we treat a few of these.
A. Higher-harmonic and -subharmonic generation A plethora of processes are possible when considering wave-mixing involving five or more frequencies. To shed light on the relevant considerations for the deterministic analogues of these processes, it is sufficient to consider higher-harmonic and -subharmonic generation as a simple representative example.
Nonlinear optics
We consider the degenerate case of m-wave mixing assumingâ 1 =â 2 = . . . =â m−1 ≡â,â m ≡â + , and ω + = (m − 1)ω. The creation and annihilation of a photon in the Fock basis can then be given as |n, n + → |n− m+ 1, n + + 1 for (m− 1)th-harmonic generation (upconversion) and |n, n + → |n + m − 1, n + − 1 for (m − 1)th-subharmonic generation (downconversion). The interaction Hamiltonian for both processes can be written asĤ
generalizing Eq. (12) for three-wave mixing and Eq. (36) for four-wave mixing.
Analogous processes
It is straightforward to extend the three approaches discussed in Sec. III B 2 for three-wave mixing and in Sec. IV B 2 for four-wave mixing. One can use two resonators, with frequencies ω a = (m − 1)ω b , coupled to a single qubit such that the process |1, 0, g ↔ |0, m − 1, g is enabled by virtual intermediate transitions, realizing both up-and downconversion. The other approaches are to use multiphoton Rabi oscillations between |0, e and |m−1, g using a single resonator coupled to a single qubit with ω q = (m − 1)ω a [52] ; or to couple a single resonator to m − 1 identical qubits [ω a = (m − 1)ω q ] such that the process |1, g, . . . , g ↔ |0, e, . . . , e is realized [53] .
What these three approaches, and all other analogues of m-wave mixing, have in common are that they require an increasing number of intermediate virtual transitions as m increases. In general, the effective coupling g eff , determining the transition rate, will be proportional to (g/ω)
n−1 if n steps of intermediate virtual transitions are required to go between the initial and final states. Here, g and ω are the coupling and the relevant system frequencies, respectively, in the quantum Rabi model discussed in Sec. II B. Considering this, the fact that the multiphoton Rabi oscillations require one less intermediate step than the other two approaches described above (see Secs. III B 2 and IV B 2) makes them the most suited to implement an analogue of higher-harmonic and -subharmonic generation.
We also note that the standard quantum Rabi model, Eq. (4), is sufficient to mediate the virtual transitions (6) , are necessary to realize the analogues discussed here.
B. Multiphoton absorption

Nonlinear optics
Simultaneous absorption of multiple photons in a system is a nonlinear process, first predicted by Göppert-Mayer [59] . Unlike most of the wave-mixing processes discussed above (except Raman scattering), this process changes the net energy of the system.
Analogous processes
A clear analogy of multiphoton absorption is provided by the multiphoton Rabi oscillations [52] already discussed in the context of harmonic and subharmonic generation in Secs. III B 2, IV B 2, and V A 2. During a multiphoton Rabi oscillation, a single qubit absorbs n photons from the resonator it is coupled to; this is the process |n, g → |0, e . We also note that circuit-QED experiments with flux qubits have demonstrated multiphoton absorption in a driven qubit-resonator system [32, 60] .
C. Parametric processes
Nonlinear optics
Many of the processes discussed above can be analyzed for the case where one of the fields is a strong drive that can be approximated as classical. As an example, consider the general three-wave-mixing processes described by Eqs. (9) and (10) in Sec. III A 1. We denote the frequencies by ω p ≡ ω 1 for the pump (drive) mode, ω s ≡ ω 2 for the signal mode, and ω i ≡ ω ± for the idler mode. We then apply the parametric approximationâ 
where ω ≡ ω p , the coupling constant g is rescaled as κ = |gα p |, and φ = φ p − arg(g). This equation describes parametric amplification (downconversion). For the special case ω s = ω i , it corresponds to degenerate parametric downconversion. Similarly, under the parametric approximation, withâ 1 ≡â p ≈ α p , Eq. (9) describes parametric frequency conversion.
Analogous processes
As discussed in Sec. III B 2 a, Ref. [57] showed that a setup with two resonator modes coupled to a qubit with the interaction of Eq. (6) can give an effective interaction of the formĤ
where
This interaction results in degenerate parametric downconversion and squeezing. Note that the qubit state will affect the process since the interaction is proportional tô σ z , which is absent in Eq. (62) . However, if we assume that the qubit remains in its ground (or excited) state during the system evolution, we can recover Eq. (62) from Eq. (63). Such qubit "freezing" can be achieved, e.g., by Zeno-type effects.
In general, similar effective interaction Hamiltonians should be possible to derive for all setups considered in this article where the initial and final states for the system have the same qubit state. Thus, most parametric processes from nonlinear optics have deterministic analogues involving virtual photons.
D. Kerr, cross-Kerr, and Pockels effects
Nonlinear optics
The Kerr, cross-Kerr, and Pockels effects differ from the other nonlinear-optics phenomena discussed so far in that they do not involve any change in the number of excitations in some mode. Instead, the frequency of a mode a is modified, either through self-interaction (Kerr effect) or through interaction with a second mode b (Pockels effect when the change is proportional to the amplitude of the field; cross-Kerr effect when the change is proportional to the square of said amplitude). These effects can be described by the following Hamiltonians:
where χ x gives the strength of the nonlinear interaction.
Analogous processes
The Kerr effect can be realized with a single qubit coupled to a resonator with only the JC interaction of Eq. (5). In the dispersive regime, where g ≪ |ω a − ω q |, a perturbation expansion in the small parameter g/(ω a − ω q ) yields a term [61] 
This Hamiltonian reduces to the standard Kerr Hamiltonian, given in Eq. (65), if we can assume that the qubit remains in one and the same state during the system evolution, as discussed above in Sec. V C 2. More general derivations for multiple resonator modes and a multilevel atom in the dispersive regime have shown how both Kerr and cross-Kerr effects can be realized [62, 63] . In particular, Ref. [63] demonstrates clearly how an atom coupled to two resonators in the dispersive regime via a general coupling like Eq. (6) gives rise to the Kerr and cross-Kerr effects due to fourth-order processes involving virtual photons in the same way as all other analogues of nonlinear optics discussed previously in this article. We note that these Kerr and cross-Kerr terms, just like in Eqs. (63) and (68), involve sums over the diagonal qubit operators |g g| and |e e|. Based on the above theory, experiments in circuit QED have recently demonstrated both the single-photon Kerr [64] and cross-Kerr effects [65] . A large cross-Kerr effect for propagating photons interacting with a threelevel artificial atom in circuit QED has also been studied theoretically [66] and experimentally [67] . However, to the best of our knowledge, no such experimental demonstrations exists for the Pockels effect and we have been unable to find a mechanism for engineering it in the setups we consider.
VI. SUMMARY AND OUTLOOK
We have shown how analogues of nonlinear optics can be realized in systems where one or more qubits are coupled to one or more resonator modes. These analogous processes are all based on the light-matter interaction between a qubit and a photonic mode described by the quantum Rabi Hamiltonian or some generalized version thereof. This interaction allows the number of excitations in the system to change, which makes possible the creation and annihilation of virtual photons and qubit excitations. In this way, initial and final states of the nonlinear-optics processes can be connected via a number of virtual transitions, creating an effective deterministic coupling between the states. The effective coupling decreases when the number of intermediate transition steps increases. However, with the recent experimental demonstrations of USC in a variety of systems, circuit QED in particular, it should now be possible to observe many of these nonlinear-optics phenomena in new settings.
For the case of three-wave mixing, we have shown how analogues can be constructed for sum-and differencefrequency generation, including the special cases of second-harmonic generation (upconversion) and secondsubharmonic generation (downconversion) as well as Stokes and anti-Stokes spontaneous and stimulated Raman scattering. A summary of all the three-wave-mixing processes and their analogues is given in Table I .
Similarly, for the case of four-wave mixing, we have shown how analogues can be realized for all types of non-degenerate and degenerate mixing, including thirdharmonic and third-subharmonic generation as well as all forms of hyper-Raman scattering. We provide a summary of all the four-wave-mixing processes and their analogues in Table II . Finally, we have also shown that analogues working according to the same principle are available for higher-harmonic and -subharmonic generation, multiphoton absorption, parametric processes, and the Kerr and cross-Kerr effects.
It is noteworthy that some of the setups we consider, especially the relatively simple setups of a single qubit coupled to one or two resonators, can be used to realize many analogues of nonlinear-optics phenomena in one universal system. While some processes that we discuss here have been investigated in previous and forthcoming publications, we have now provided a unified and clear picture of how and why nonlinear-optics analogues can be constructed in these setups.
There are many directions for future work following this article. They include deriving effective Hamiltonians for more parametric processes based on the setups discussed here and finding an analogue of the Pockels effect. An interesting way to take the ideas of the current work one step further is to consider analogues of nonlinearoptics processes where the excitations are exchanged only between atoms and any resonators in the setups are only excited virtually, which will be treated in a forthcoming publication [55] . We also see a great potential for using the processes described here to create various superposition states with applications in quantum information. Considering an experimental implementation, we believe that most of the processes discussed here can be realized with currently available technology in circuit QED. Table I . A summary of three-wave-mixing processes in nonlinear optics and their deterministic analogues with single atoms and virtual photons. In the case of nondegenerate three-wave mixing, with the exception of Raman scattering, the given frequencies and transitions are just some of the possibilities. Here we give a few examples showing how mixing of classical waves can be explained classically by applying the principal relation of nonlinear optics,
In this pedagogical introduction to nonlinear optics, based on Ref.
[1], we give the classical explanations of a few standard wave-mixing processes by applying the lowest-order required nonlinear polarization P (n) and the corresponding nonlinear susceptibility χ (n) . Our examples include the linear (Pockels) and quadratic (Kerr) electro-optical phenomena. Second-harmonic generation in a χ (2) medium was already treated in Sec. II A.
1. Wave mixing in a χ (2) medium and the Pockels effect
Assume that two monochromatic scalar electric waves, E 1 (t) = E 10 cos(ω 1 t) and E 2 (t) = E 20 cos(ω 2 t), are applied to a medium described by the second-order frequency-independent susceptibility χ (2) . Then, the induced second-order polarization P (2) is given by
where the induced second-order nonlinear polarization P (2) ωx , oscillating with frequency ω x = 0, 2ω 1 , . . ., is defined by the corresponding ω x -dependent term in the second-last equation in Eq. (A2).
We see that this process can be interpreted as mixing of two waves with frequencies ω 1 and ω 2 . Alternatively, in a general case, this effect can be interpreted as sixwave mixing if we include also the four output (mixed) frequencies 2ω 1 , 2ω 2 , |ω 1 − ω 2 |, and ω 1 + ω 2 . In a quantum description, the latter interpretation is conventionally applied.
In a special case, let us assume that ω 2 = 0; then E 2 = E 20 = const, and
We see that the effective first-order-like susceptibility χ (1) eff ≡ 2χ (2) E 20 is proportional to the amplitude of the constant electric field. This phenomenon is usually referred to as the (linear) Pockels effect or linear electrooptical effect.
A few comments can be made on the momentum (and energy) conservation when fields of frequencies ω 1 and ω 2 are mixed to generate fields with sum (ω + = ω 1 + ω 2 ) and difference (ω − = |ω 1 − ω 2 |) frequencies. These new fields can be amplified depending on which momentum condition k + = k 1 + k 2 or k − = k 1 − k 2 is satisfied for the corresponding wave vectors k j . Usually only one of these conditions is satisfied. If both conditions are fulfilled, then the wave mixing has a local character. For example, if ω 1 = ω 2 ≡ ω and k 1 = k 2 ≡ k, then ω + = 2ω, ω − = 0, k + = 2k, and k − = 0.
2. Third-harmonic generation in a χ (3) medium
Assume that a monochromatic electric wave E(t) = E 0 cos(ωt) is applied to a medium described solely by a third-order susceptibility χ (3) . Then we observe 
3ω ,
where the term P
3ω describes the induced polarization, oscillating with triple the frequency of the input field, which can be interpreted as third-harmonic generation.
3. Wave mixing in a χ (3) medium and the Kerr effect Assume that two monochromatic electric beams, E 1 (t) = E 10 cos(ω 1 t) and E 2 (t) = E 20 cos(ω 2 t), are applied to a medium described by a third-order susceptibility χ (3) , and that χ (3) is frequency independent. Then the third-order induced polarization P (3) of the medium is given by P (3) = ǫ 0 χ (3) E 3 = ǫ 0 χ (3) [E 10 cos(ω 1 t) + E 20 cos(ω 2 t)]
ω1 + P
ω2 + P
3ω1 + P
3ω2 + P 
2ω1+ω2 + P
2ω2−ω1 + P
2ω2+ω1 ,
where we do not give (except two terms) an explicit form of these induced third-order nonlinear polarizations P
ωx , but only indicate their frequencies ω x .
Analogously to wave mixing in a χ (2) medium, one can interpret this process as mixing of two waves with frequencies ω 1 and ω 2 . Alternatively, this effect, in a general case, can be interpreted as mixing of eight waves (including the output waves) with frequencies ω 1 , ω 2 , 3ω 1 , 3ω 2 , |2ω 1 ± ω 2 |, and |2ω 2 ± ω 1 |. In a quantum description, the latter convention is usually applied.
In a special case, we have P 
If we assume that ω 2 = 0, we obtain P is proportional to the square of the constant electric field E 2 (t) = E 20 . This is a standard classical explanation of the Kerr effect, which is also referred to as the quadratic electro-optical effect.
Appendix B: Perturbation theory
In this appendix, we show how to derive the expression for the effective coupling given in Eq. (8) . In all processes we considered in Secs. III and IV, there is an initial state |i and a final state |f connected by the effective coupling in an effective interaction Hamiltonian H eff int = g eff |f i| + H.c.
As stated in Sec. II B, if the shortest path between |i and |f is an nth-order process, the effective coupling g eff is given to lowest order by g eff = j1,j2,...,jn−1
where the sum goes over all virtual transitions forming nstep paths between |i and |f . The formula in Eq. (B2) can be derived by considering the Dyson series of the time evolution operator in the interaction picture,
when the interaction HamiltonianĤ int is timeindependent. Assuming the system starts in the eigenstate |i of the noninteracting Hamiltonian at time t 0 , the probability of the transition |i → |f is given to lowest (nth) order by the nth-order term in Eq. (B3), Figure 10 . Schematic representations (Feynman-like diagrams) of the four-wave-mixing processes with two degenerate frequencies. Going clockwise from the upper left corner, they are: type-I four-wave mixing with the frequencies of the two incoming signals degenerate (2ω1 = ω2 + ω3), type-II four-wave mixing with the frequencies of two of the incoming signals degenerate (2ω1 + ω2 = ω3), type-III four-wave mixing with the frequencies of two of the outgoing signals degenerate (ω1 = 2ω2 + ω3), and type-I four-wave mixing with the frequencies of the two outgoing signals degenerate (ω1 + ω2 = 2ω3).
U (n)
I (t, t 0 ), through P (|i → |f ) = f |Û 
which in the limit t → ∞ gives the transition rate
This is just Fermi's golden rule, showing that the effective Hamiltonian in Eq. (B1) with the coupling strength g eff given by Eq. (8) gives the correct coupling matrix element between |i and |f .
Appendix C: Four-wave mixing with two degenerate frequencies
For completeness, we here show, in Fig. 10 , schematic representations of the four degenerate four-wave-mixing processes where two frequencies are degenerate (omitted from Fig. 5 ). Analogues for these processes can be constructed in the same way as for the other fourwave mixing processes treated in Sec. IV and listed in Table II . The most obvious setup is three resonators all coupled to a single qubit. In that case, the process |2, 0, 0, g ↔ |0, 1, 1, g corresponds to the type-I mixing shown in the figure. Similarly, |2, 1, 0, g ↔ |0, 0, 1, g realizes analogues of the pictured type-II (→) and type-III (←) processes, respectively.
Just as for the nondegenerate mixing processes discussed in Secs. III A 2 and IV A 2, additional setups become possible if we allow at least one of the excitations to be hosted in a qubit. With two resonators coupled to a single qubit, the two type-I mixing processes shown in Fig. 10 could be emulated by |2, 0, g ↔ |0, 1, e , which we recognise as the analogue of type-I hyper-Raman scattering already treated in Sec. IV C 2. The pictured type-II and type-III mixing could similarly be emulated by, e.g., the process |2, 1, g ↔ |0, 0, g . In the same way, a setup with a single resonator coupled to two qubits could realize analogues of the pictured type-I processes through the transition |2, g, g ↔ |0, e, e , and of the pictured type-II and type-III processes through the transition |2, e, g ↔ |0, g, e .
